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Abstract. In this note, we prove two supercongruences involving Almkvist–Zudilin se-
quences, which were originally conjectured by Z.-H. Sun.
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1 Introduction
In 2006, Almkvist and Zudilin [1] introduced the following Ape´ry-like sequences:
Gn =
n∑
k=0
(
2k
k
)2(
2n− 2k
n− k
)
4n−k.
Recently, Z.-H. Sun [5] investigated congruence properties of the above sequences. For
instance, Z.-H. Sun [5, Theorems 2.2 and 2.6] showed that for any prime p ≥ 5,
Gp−1 ≡ (−1)
p−1
2 256p−1 (1.1)
+ p2

Ep−3 − 8(−1) p−12 qp(2)2 + 1
2
(p−1)/2∑
k=0
(
2k
k
)2
16k
H2k

 (mod p3),
p−1∑
k=0
Gk
16k
≡ p2

1− (p−1)/2∑
k=0
(
2k
k
)2
16k(k + 1)
Hk

 (mod p3). (1.2)
Here qp(2) is the Fermat quotient (2
p−1 − 1)/p, the nth harmonic number is given by
Hn =
n∑
k=1
1
k
,
and the Euler numbers are defined as
2
ex + e−x
=
∞∑
n=0
En
xn
n!
.
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The motivation of this note is to refine (1.1) and (1.2) by establishing the following
results, which were originally conjectured by Z.-H. Sun [5, Conjectures 2.1 and 2.2].
Theorem 1.1 For any prime p ≥ 5, we have
Gp−1 ≡ (−1)
p−1
2 256p−1 + 3p2Ep−3 (mod p
3), (1.3)
p−1∑
k=0
Gk
16k
≡ p2
(
4(−1)
p−1
2 − 3
)
(mod p3). (1.4)
2 Proof of Theorem 1.1
In order to prove Theorem 1.1, we require the following identities.
Lemma 2.1 For any non-negative integer n, we have
n∑
k=0
(−1)k
(
n
k
)(
n + k
k
)
H2k = 2(−1)
n
(
2H2n +
n∑
k=1
(−1)k
k2
)
, (2.1)
n∑
k=0
(−1)k
k + 1
(
n
k
)(
n+ k
k
)
Hk =
(−1)n − 1
n(n + 1)
. (2.2)
Proof. Identities (2.1) and (2.2) can be discovered and proved by the symbolic summation
package Sigma developed by Schneider [4]. One can refer to [3] for the same approach
to finding and proving identities of this type. In particular, (2.1) was also proved by
Wang [7, Lemma 2.2]. 
Proof of (1.3). Letting n = p−1
2
in (2.1) and noting that
(−1)k
( p−1
2
k
)(p−1
2
+ k
k
)
≡
(
2k
k
)2
16k
(mod p), (2.3)
we obtain
(p−1)/2∑
k=0
(
2k
k
)2
16k
H2k ≡ 2(−1)
p−1
2

2H2p−1
2
+
(p−1)/2∑
k=1
(−1)k
k2

 (mod p). (2.4)
By [2, (30)] and [6, Lemma 2.4], we have
H p−1
2
≡ −2qp(2) (mod p), (2.5)
(p−1)/2∑
k=1
(−1)k
k2
≡ 2(−1)
p−1
2 Ep−3 (mod p). (2.6)
2
It follows from (2.4)–(2.6) that
(p−1)/2∑
k=0
(
2k
k
)2
16k
H2k ≡ 16(−1)
p−1
2 qp(2)
2 + 4Ep−3 (mod p). (2.7)
Substituting (2.7) into (1.1), we arrive at (1.3). 
Proof of (1.4). Letting n = p−1
2
in (2.2) and using (2.3), we obtain
(p−1)/2∑
k=0
(
2k
k
)2
16k(k + 1)
Hk ≡ 4
(
1− (−1)
p−1
2
)
(mod p). (2.8)
Substituting (2.8) into (1.2), we complete the proof of (1.4). 
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